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Abstract 
Traditionally high share of production-distribution costs to inventory and supply policy 
dedicated. The production model of politics is important for a system of distribution, taking into 
account the actual conditions of production and optimal production parameters influenced. One of 
these conditions is that the production equipment during production turned out of control and 
produce defective products. It is possible to change the mode in real terms, and then significantly 
increase the amount of defective products. Despite these conditions, one of the parameters affecting 
the demand for products and sales, and consequently the amount of corporate profits is the product 
warranty. The after-sales service product parameter influencing the willingness of consumers to buy 
the product. In this work, it consider the potential failure of production equipment, as well as the 
product warranty, mathematical models of inventory control policy, based on actual production 
conditions for the production units. This model is aimed at achieving the optimal length of time in 
each period and for optimum product warranty with respect to maximizing profits per unit of time. 
In other words, the goal is create an optimal balance between product sales revenue and costs 
incurred during the period of warranty for the product. In fact, in this article will discuss this model 
and its resolution. 
Keywords: Economic Production Quantity, Deteriorating Production System, Warranty 
Optimal Period, Production Optima Period 
Introduction 
Due to the increasing complexity of production and distribution, such as increasing the 
competitiveness of manufacturing firms, increase the variety of products, rapidly changing tastes of 
customers, reduce the life of products, complexity, demand forecasting, etc. The importance of 
optimizing inventory control policies for businesses has doubled. To obtain the optimum production 
of goods, requires accurate modeling of conditions and consider more parameters in real-world 
production modeling.  Other issues to determine the optimal duration of the product warranty costs 
as well as increased sales of the product. Usually the warranty period is more indicative of higher 
quality products and increases the motivation of consumers to buy. In this article we try to model the 
economic production value in the area of inventory control for manufacturing firms and academic 
researchers provided. 
Literature Review 
Research in the field of management and inventory control are first conducted by Harris in 
1913. In this study, a closed formula for the economic order was that over time became known as 
the classical model of economic order quantity. Then researchers have tried that in order to consider 
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the actual conditions of production and inventory control in mathematical models. In 1986, the first 
research on models of economic production in manufacturing declined by Rosenblatt et al carried 
out. The two men compared their model with the classical model of economic output in the 
production found that declined during the production cycle more classic model of economic 
production. After Lee Rosenblatt and many researchers to date in the field of economic output in 
production systems and the development of these models was declined. In this paper reviewed 
articles in 2 categories are divided according to type of damage is considered, the first complete 
destruction and the means to stop the production line and the repair is complete, the second type, the 
situation is out of control in the production process and this usually increases the rate of production 
of defective products. Then each of these sectors on the type of inspection policy, grouped in several 
sections. For example, according to the inspection done on the product or machine or policy runs 
preventive maintenance or corrective maintenance. As well as other categories of articles based on 
taking into account the period of warranty products sold. 
Research in the field of management and inventory control are first conducted by Harris in 
1913. In this study, a closed formula for the economic order was that over time became known as 
the classical model of economic order quantity. Then researchers have tried that in order to consider 
the actual conditions of production and inventory control in mathematical models. In 1986, the first 
research on models of economic production in manufacturing declined by Rosenblatt et al carried 
out. The two men compared their model with the classical model of economic output in the 
production found that declined during the production cycle more classic model of economic 
production. After Lee Rosenblatt and many researchers to date in the field of economic output in 
production systems and the development of these models was declined. In this paper reviewed 
articles in 2 categories are divided according to type of damage is considered, the first complete 
destruction and the means to stop the production line and the repair is complete, the second type, the 
situation is out of control in the production process and this usually increases the rate of production 
of defective products. Then, each of these sectors on the type of inspection policy, grouped in 
several sections. For example, according to the inspection done on the product or machine or policy 
runs preventive maintenance or corrective maintenance. As well as other categories of articles based 
on taking into account the period of warranty products sold. 
Lacks of checks on equipment and products 
Chang et al (2009) by considering the limited stock production system in decline were 
examined. In fact, this development model Salameh and Jaber paper in 2000, with the difference 
that in this model the manufacturer is faced with capacity constraints warehouse and in case of over-
capacity storage, the manufacturer can rent another warehouse. The objective function of this model 
is to maximize profits.  Sana (2010) in an article parameters calculate the optimal values of 
productivity and reliability in a manufacturing defect, optimized for full production and maximize 
the profits. This article assumes that the production process can be random at the moment the 
situation is under control and the situation is out of control. Assumptions underlying the classic 
model of optimal production stacking is that all products manufactured are required quality if this 
item is assumed that the production process at the beginning of each period in control of the 
situation started to produce and all products have the necessary quality in the manufacturing process 
may be long production processes due to high production rates and long production time after a 
certain time and the situation is out of control. The model is intended for out-of-control process with 
the assumption that at a certain rate of defective products is produced and formulated. The rate of 
production of defective products is a function of the rate of production and the production is 
intended. Defective products produced at a cost of rework and then quality is necessary. Another 
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assumption in this article is intended that the production cost per unit is assumed to be a convex 
function. The total cost of the system, including the costs of preparation, production, maintenance 
and rework defective items. 
Sarkar et al (2011) calculate the optimal rate of production and reliability of production 
equipment in a production deficit for maximizes their profits. In the case of defective parts that are 
beyond the control of the production process, all were under rework to become healthy parts. A new 
initiative in this model is dependent on the demand as well as the effects of inflation and the time 
value of money is considered. The hypothesis of this paper can be limited planning horizon, zero 
inventories on hand at the beginning and end of the planning period and the unit cost of production 
is a function of the rate of production and reliability parameters noted. It should be noted that to 
obtain the optimal solution for this model Lagrangian method is used. Sarkar et al. (2011) model of 
economic output in production systems with fixed defect in which the percentage of defective 
products are presented. In their model rework defective parts and become healthy parts. The lifetime 
of the components of the parameters of the Weibull distribution function followed. Due to defective 
parts and shortage occurs in the model and the lack of lag is considered. Other important 
assumptions of this model can be used to consider the time value of money and the problem of 
inflation. Also in the demand model as a function of time is assumed to be uniform. The purpose of 
this model gain optimal value according to the maximum amount of profit. Chakarborty et al (2012) 
also consider the safety stock due to the decline in production models was examined.  
The inspection system on production 
Other articles in the field of decline with regard to the inspection equipment can be used to 
Articles Ben Daya (2002), Chakarborty and colleagues (2008), Wang et al (2009) and Chakarborty 
et al (2009) noted. This article and the following four articles can be discussed. Lin et al (2011) the 
effect of errors in the inspection and repair of defective equipment on a production system with fault 
examined. In this model it is assumed that maintenance at certain intervals during production is 
carried out, always open production facilities does not return to its original state and may push the 
car out of control state. The time taken and change the situation, the process of a random variable 
with the distribution function of the public. The decision variables of the model and the optimal time 
are check-in equipment production. 
Tsao et al (2013) to influence the policy of maintenance on production systems with a defect, 
when exchanges allow their credit. In their model, the preventive maintenance and corrective 
maintenance to enhance the reliability of production systems is considered. The purpose of this 
model obtains the optimum length of time and frequency of inspections according to the annual 
minimum total cost. To obtain the optimum solution, it is appropriate algorithm. To verify and 
validate the model of a practical high-tech production systems used. Compare this model shows that 
the policy of maintenance of 10.36% and reduces the total cost. Also Tsao (2013) model to gain 
optimal maintenance policy has been in decline in production systems. In this model, a small 
number of products, when the process is under control are faulty. But the process is out of control 
state, the greater amount of defective products produced. Two efficient algorithms to solve the 
model and the frequency of preventive maintenance, respectively, for discrete and continuous 
variables are presented. 
Gomez et al (2013) declining production systems with preventive maintenance and repair of 
production equipment have been examined. In this model, two types of repairs performed on a 
production car. Preventive maintenance where the car has improved somewhat and the rate of 
production of defective products and also it reduced the risk of failure. Another type of repair, major 
overhaul in which the machine is switched back. The purpose of this model to find the optimal time 
Openly accessible at http://www.european-science.com   1838 
Ramin Sadeghian, Mohammad Bagher Komasi, SafarAli Mohammadi 
as well as policy and strategy to optimize preventive maintenance and overhaul of equipment with 
regard to minimizing the total cost. 
Effect of inspection system on product 
In the real world, not only the production process but also may inspect products with 
telomerase and error (Yoo et al, 2009) for a production system with telomerase, inspection policy on 
products with both type I and type II error is considered. The first type of error is a defective 
product, healthy diagnosed and sold. This product after it was found defective by the customer 
returned to the factory and placed under rework or scrap. Healthy product in a Type II error, and 
faulty diagnosed with defective products will be scrapped. This model is aimed at achieving 
economic order quantity with respect to maximizing the resulting powder. Other articles in this issue 
include articles Khan et al (2010), Ma et al (2010) and Yoo et al. (2012) pointed out. In our article, 
Yoo et al (2010) model is a product with defects was introduced to allow for deficiency. This model 
is aimed at achieving the production cycle as well as the timing of inspections and inspection of the 
products. Yoo et al. (2012) as well as the impact of policy on products on a production system with 
the defect inspection examined.  In this article inspection policies, such as the full inspection, 
sampling and inspection of products is intended. 
Declining production systems with regard to warranty for products 
Chang et al (2009) examined the two-level supply chain model that the manufacturer's 
production system is a production system in decline and the demand for products is a function of the 
level of inventory on hand. In this model the goods under warranty period specified by the buyers 
placed. The effects of inflation are taken into account. The purpose of this model and pricing policy 
during the optimal time is according to minimum annual expenditure. In this model, the time taken 
to change the parameters of the system is a random variable with Weibull distribution is assumed. 
To solve this classic model of common optimization techniques and heuristic algorithm is used. Hu 
et al (2009) declining production system taking into account the particular inspection policy have 
studied. Earlier models for the inspection of products from full inspection or inspection of products 
at the end of the production cycle were used. But the cost of such inspections in the manufacturing 
declined. Hu and Zong reduce the total cost of a specific strategy to inspect the products offered. In 
this case, the inspection in a range of production cycle accept and after this period is considered all 
non-standard products and are sent to work again. At the same time, integrated over time to obtain 
optimum production and inspection intervals according to the purpose of this paper is to minimize 
the total cost. 
Sana (2012) maintenance and repair policies on economic production model production 
system along with a failure to examine where goods are sold with warranty free period. The time 
taken to change the status of process is a random variable that follows the arbitrary distribution. At 
the end of each production cycle begins operations preventive maintenance on the machine. 
Duration of maintenance and repair of a random is variable with probability distribution function of 
the public.  Because of the potential for maintenance and repairs, may face a shortage of the cycle. 
Defective parts produced in this model become immediately rework and healthy product. 
Costs intended for this model include maintenance costs, the cost of shortages, the cost of 
rework, warranty costs, costs of labor and energy, cost of materials and the cost of maintenance and 
repairs. Chakraborty et al (2012) issue of the optimal amount of time to obtain optimal reliability 
and long production cycle in a production system with defects is studied. In this production process 
at any point in time can be outside of state control. The time taken to change the status of a random 
variable with probability distribution is assumed to be arbitrary. 
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In this model machine failure could be stopping the production line. Time corrective repairs 
to restore the machine to the production line are a random variable with an arbitrary distribution. 
 The variable in this model repair time, shortages could occur. It is assumed that after the repair the 
car immediately started operations at a maximum rate of production and inventory levels to ensure 
optimal value is set to open. In this model, non-standard goods only in the production process are 
out of control. Also, all standard and non-standard products ranging from free warranty sold during 
the period specified. 
Tsao (2012) to determine the optimal length of time and the optimal time for a production 
system with fault warranty examined. In this model, virtual credit transactions as well as 
maintenance policy is intended for manufacturing equipment. This study aims to determine the 
optimal length of time for optimum warranty given as to maximize the profits. Pal et al (2013) 
mathematical model of economic production for a production system is possible with defects when 
demand is offered. In this model, the switching system with exponentially distributed random 
variable is assumed. Defective products produced in both situation under control and out of control, 
rework, but due to limited rework rates, higher maintenance costs awarded to defective products. 
Since the maintenance of basic parameters just-in-time production system, in this model is assumed. 
Repair time and also potential demand in this model and follow a certain distribution function. The 
decision variables are the optimal rate of production, the optimal length of time and the amount of 
inventory on hand at the beginning of each cycle. Due to the complexity of the model, proven 
convexity and convexity of the objective function is not possible by offering practical example 
shown. 
Iranian researchers have been a lot of research done on the warranty. Perhaps the first paper 
in this field is an article that Ezatollah Asgharizadeh (2000) on the introduction of the warranty 
provided. The following are some of the research in this area is mentioned. Nasrollahi and 
colleagues (2014) in his article, the new warranty policy with respect to inflation and interest PRW 
and development costs are a function definition for the random variable rate and ultimately failure 
rate prediction models and estimated product warranty costs at during the design. 
Mahmoudi and Shondi (2014) in an article titled "provide an objective model to optimize 
cost during the warranty period and service capacity in the context of a queuing system: genetic 
algorithms and fuzzy system" an objective model of integrated pricing issues line in a definite lack 
of demand have provided. Two target models are: 1 maximum benefit of customers waiting in the 
queue seller and 2 minimization. In order to solve the model a new fusion algorithm, genetic 
algorithms and fuzzy system is proposed finally, numerical results are analyzed by solving a sample 
problem. Nazemi et al (2012) in his article based on the vehicle warranty period determine the 
reliability of the power transmission system components then three guaranteed renewable policy 
consideration and based on the budget allocated by the manufacturer to determine warranty period 
have any policy ultimately taking the system components guarantee an algorithm to determine the 
appropriate policy for the system have given. 
Atai, Karbassian and Yousefi (2013) warranty policy and rules governing the use of queuing 
theory as a tool to analyze customer behavior and ultimately the behavior of the system with the aim 
of economic feasibility and profitability for producers and reduce waiting times for consumers have 
been studied. The proposed model using variables and parameters of the model M/M/1 is not limited 
to the capacity of the server and client population served is limited and the profitability of the 
warranty policy as an investment plan taking into account the cost of repairing any damage from the 
manufacturer and maintenance costs and the cost of customer and revenue from sale of goods 
warranty period to achieve the objectives of profit maximization for producers and minimize 
customer waiting time in the system to determine the decision variables, including the price per unit 
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of product warranty service in time to see the rate of implementation of the policy has been 
reviewed in years warranty. Asgharizadeh et al (2011) model for outsourcing services and warranty 
by using multi-criteria decision have provided. Shafi'i and Sultani (2010) in an article entitled 
"Analysis of the optimal strategies and preventive maintenance during the warranty period" on the 
bathtub curve, a mathematical model to estimate the duration of the warranty offer and then use this 
estimate; appropriate strategies have suggested preventive maintenance.  
Shafi'i and Rezai (2010) in an article entitled "presents a new mathematical model to 
determine the price and new products during the warranty period, "a new mathematical model to 
determine the optimal price and warranty products have been provided the mathematical model 
presented in the form of the objective function to maximize profit and based on the life cycle of the 
product is fixed. Rabbani et al (2004) a warranty policy repairs - replacing in the two-dimensional 
mode presented. 
Research gaps 
The review articles in the field of economic production models in production systems 
deteriorate in case the existing gaps in the literature stated: 
• In all models for a manufacturer warranty is intended only as an expense.
Taking into account the impact on sales warranty is one of the gaps in the existing literature. 
• Ignore the significant impact the quality and warranty products on passion for customer
purchase and sale of the product. Demand for products as a function of time can be considered as 
product warranty. 
• In all the papers except a paper-term warranty given as a parameter and it is assumed.
Whereas for product warranty assumed as a decision variable and objective. 
• In most models of economic production in manufacturing declined inspection policy is
applied on the products, considering inspection error is ignored. 
Considering inspection error Type I and Type II models can be developed on existing 
models. 
• consider joint policy on products inspection and preventive maintenance policies for
production equipment 
In the model presented in this paper will try to fill this gap. 
The Proposed Model 
The model for the problem of production - a product that is produced by a machine 
formulated. In this model it is assumed that the production process at any point in time can be in one 
of two situations under control or out of control. In fact, at the beginning of each production cycle in 
a controlled process and after a while it is possible to change the situation out of control. 
This model is aimed at achieving the optimal length of time in each period and for optimum 
product warranty with respect to maximizing profits per unit of time. In other words, the goal is to 
create an optimal balance between product sales revenue and costs incurred during the period of 
warranty for the product. 
The model assumptions 
1. The rate of production is fixed. The rate is always greater than the demand.
2. Demand a linear function of the length of the product warranty is ( d a bw= + ).
3. The production process has been declining and at any point in time in one of the 2
situation under control or out of control. 
4. The time taken to switch to a system of state control outside the control of the random
variable density is visible. 
Openly accessible at http://www.european-science.com          1841 
 Special Issue on New Dimensions in Economics, Accounting and Management 
5 θ1percent of all goods produced in the state-controlled and 2θ  percentage of total
products produced outside state control are defective. (
2 1θ >θ ) 
6. Each cycle started in the situation under control and if you change the system, detecting
and correcting it until the end of the cycle is not possible. 
7. The time required for inspection and corrective actions for small and negligible.
8. Non-standard products on the secondary market at a lower price and are sold without
warranty. 
9. Product inspection policy for full inspection. Inspection error is negligible.
10 Deficiencies are not allowed. 
11. In the case of single-period model is investigated.
Model parameters 
Table 1 show parameters used in the model. 
Table 1: Model parameters 
d  Demand depends on the length of warranty T  During each production cycle 
1θ
The percentage of non-standard products 
produced when the situation is under 
control 
h
Maintenance costs per unit of product per 
unit of time 
2θ
The percentage of non-standard products 
produced when the situation is out of 
control 
r
The cost of corrective actions to restore the 
system out of control mode to control mode 
p  Fixed rate pc The cost of producing each unit of product 
K  Fixed Price preparations 
ic
Price inspect every unit 
N The number of non-standard products produced per cycle 
cπ  
Price invalidity for the deterioration of the 
product during warranty 
( )E N The average number of non-standard 
products produced per cycle v
The selling price per unit of standardized 
product ( p iv c c> + ) 
x Random variable is the time to change the system sv
Non-standard sales price in the secondary 
market ( s p iv c c≈ + )
( )xf
Probability density function of the random 
variable x ( ( )
x
xf e
λλ −= ) y
The lifespan of a piece of standard 
production random variable with an 
exponential distribution 
λ  
Parameter exponential distribution g(y) Probability density function of the random variable y, 
t During any period  µ   Parameter exponential distribution
SR Proceeds from the sale of standard products HC Maintenance Cost 
DR Proceeds from the sale of substandard product PC 
Cost of production 
IC Price check SC Price make-ready 
RC Price Update Machine DC m Price 
Mathematical model 
According to the description in the model description, inventory control standard in the 
following graph: 
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Time 
( )wd−
( )
( )
w
E N
p d
t
− −
x t T 
Stock level 
( )wd a bw= +
′−d
Time 
( )E N
t
t T 
Stock level 
Figure 1: Inventory control standard products 
Time[ ]0,t : products are produced at p rate, at the rate of demand d , which is an increasing
function of the warranty period (w) , to sell. The rate of production of defective products from the 
division of the average value of the products obtained per unit time. The production rate in the range 
of healthy products [ ]0,t and standard deduction rate of production of defective products and demand
is achieved. 
Time[ ]t,T : standard products in stock are sold at the rate of demand (w)d .
Symbol Δ: Indicates possible moment and the system of state controls of the state are out of 
control 
Inventory control as well as non-standard products in the following graph: 
Figure 2: Control of non-standard products 
[ ]0,t : Rate of production of non-standard or faulty interpretation of the division of the
average value of the products obtained per unit time. 
Time[ ]t,T : non-standard products are sold in the secondary market at the rate of demand 'd .
                                                    (1) ( )pt dT E N= +  
(1) Indicates that the total manufactured goods (left-hand) of non-standard products ( E(N) ) 
and demand during the period (T) for standard product (all standard products sold) can be obtained. 
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From equation (1) can be obtained during the course of production as follows: 
(2) ( )pt E NT
a bw
−
=
+
Revenue System 
Proceeds from the sale of standard products 
Sales of standard products (product selling price per unit is equal to the standard rate of 
demand is met during cycle) 
SR vdT=  
Proceeds from the sale of non-standard products 
Sales of non-standard (non-standard selling price is equal to the product of the secondary 
market in the average number of non-standard products produced in each cycle) 
( )sDR v E N=
The cost of the system 
The cost of maintenance 
Given that stock healthy and defective products are the same, the cost of maintenance of any 
product produced by both normal and defective same. Thus, according to figures 3 and 4, cost of 
goods produced per cycle by multiplying the total area of the triangle shape maintenance cost of 
each product (h) is obtained as follows: 
(3) ( )( )
nonconforming productsconforming products
hHC= p-d t-E(N) T + E(N)T
2
 
     
 


Then, to calculate the expected value of non-standard products ( E(N) ) for placement in (3) 
explains: 
Calculating the expected value non-standard products ( E(N) ) 
If a faulty product with the expected value in every period on the state of the system, the 
number of defective products can be obtained as follows: 
( )1 2
1
p x p t x x t
N
p t x t
θ θ
θ
 + − <= 
≥
So the expected value of defective products produced per cycle is calculated as follows: 
(4) ( )1 2 ( ) 2 ( ) 1 ( )
0 0
( ) . . .
t t
x x x
t
E N p x f dx p t f dx p t f dxθ θ θ θ
∞
= − + +∫ ∫ ∫
Because we know: 
( ) ( ) ( )
0 0
.
t t
x t xx f dx tF F dx= − +∫ ∫
Thus relation (4) we rewrite. 
1 2 ( ) ( ) 2 ( )
0
( ) ( ) .
t
t x tE N p tF F dx p t F pθ θ θ
 
= − − + + + 
 
∫
(5) 2 ( ) ( ) 1 2 ( )
0
( ) ( ) ( )
t
t t xE N p t F F p F dxθ θ θ= + + − ∫
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(6) 2 1 2 ( )
0
( ) ( )
t
xE N p t p F dxθ θ θ= + − ∫
By substituting -λx(x)F =e in the equation (5) we have: 
( )
( )( )
2 1 2
0
2 1 2
( )
1
t
x
t
E N p t p e dx
pp t e
λ
λ
θ θ θ
θ θ θ
λ
−
−
= + −
= + − −
∫
Taylor approximation using the following equation (6) to (7) becomes: 
(7) 
2 2
1
2
t te tλ λλ− ≈ − +
(8) ( )1 2 1( ) 2E N pt t
λ
θ θ θ = + −  
By substituting equation (8) in equation (3), the cost of maintenance is as follows: 
( )( ) ( )
nonconforming productsconforming products
h hHC= p-d t-E(N) T + E(N)T = (p-d)t T
2 2
 
     
 


The production cost 
( ( ))pPC c dT E N= +
3. The Inspection Cost
iIC=c (dT+E(N))
4. The Setup Cost
SC k=
5. The Updating Cost
( )tRC rF=
6. The Prestige Deduction Cost
( )wDC c dTGπ=
Obtaining during the production cycle 
By substituting equation (8) in (2), the production cycle is equal to 
( ) ( )1 2 1
pt λT= 1-θ - θ -θ t
d 2
 
  
The profit function inventory control system 
The function of system revenues are deducted from the cost of the system is obtained: 
          (9) ( ) ( ) ( ), ( ) ( )( ( )) ( )2s p i t wt w
pt
hTP vdT v E N c c dT E N rF k c dTG p d tTπ= + − + + − − − − −

By dividing equation (9) during the cycle (T), the profit per unit of time is equal to: 
Openly accessible at http://www.european-science.com          1845 
 Special Issue on New Dimensions in Economics, Accounting and Management 
(10) 
( )( ) ( )( ) ( )( )
( )
( )
( )
( )
( )
( )
( )( )
1 2 1
( , )
1 2 1
1 2 1 1 2 1
21
1
2
1
21 1
2 2
w
t w p i s p i
t
t
TPU v c c a bw c e a bw v c c a bw
t
r e K a bw h p a bw t
t tpt pt
µ
π
λ
λθ θ θ
λθ θ θ
λ λθ θ θ θ θ θ
−
−
  + −  
  = − − + − − + + − − +
   − + −      
− +
− − − − +
      − + − − + −            
Using the Taylor series approximation in many articles such as (Wang, 2004), (Chen and Lu, 
2006), (Tsao, 2012), relationship (10) is simplified as follows: 
( )( ) ( )( ) ( )( )
( )
( )
( )
( )
( )
( )
( )( )
1 2 1
( , )
1 2 1
1 2 1 1 2 1
21
1
2
1
2
21 1
2 2
w
t w p i s p i
t
TPU v c c a bw c e a bw v c c a bw
t
tr a bw K a bw h p a bw t
t tp pt
µ
π
λθ θ θ
λθ θ θ
λλ
λ λθ θ θ θ θ θ
−
  + −  
  = − − + − − + + − − +
   − + −      
 + −  + − − − − +
      − + − − + −            
The model of the production system is as follows: 
( )( ) ( )( ) ( )( )
( )
( )
( )
( )
( )
( )
( )( )
1 2 1
( , )
1 2 1
1 2 1 1 2 1
21
1
2
1
2
21 1
2 2
: 0 , 0
w
t w p i s p i
t
MAX TPU v c c a bw c e a bw v c c a bw
t
tr a bw K a bw h p a bw t
t tp pt
st t w
µ
π
λθ θ θ
λθ θ θ
λλ
λ λθ θ θ θ θ θ
−
  + −  
  = − − + − − + + − − +
   − + −      
 + −  + − − − − +
      − + − − + −            
> ≥
Solving Model 
The objective was achieved in part as follows: 
(11) 
( )( ) ( )( ) ( )( )
( )
( )
( )
( )
( )
( )
( )( )
1 2 1
( , )
1 2 1
1 2 1 1 2 1
21
1
2
1
2
21 1
2 2
w
t w p i s p i
t
TPU v c c a bw c e a bw v c c a bw
t
tr a bw K a bw h p a bw t
t tp pt
µ
π
λθ θ θ
λθ θ θ
λλ
λ λθ θ θ θ θ θ
−
  + −  
 = − − + − − + + − − +
   − + −    
 + −  + − − − − +
      − + − − + −            
The decision variables are variables t and w. 
Proof of concave function 
To prove concavity of the objective function we used of the Hessian matrix method. In this 
regard, the first and second derivatives of the objective function duration (t) and during the warranty 
period (w), we calculated 
First and second derivatives function in terms of profit per unit time (t) is as follows: 
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( )( )( )
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( )( )
( )
( ) ( )( )
( )
( )( )
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2 1( , ) 2
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1 2 1 1 2 1
1 2 1
2
2
1 2 1
1
2 1 2 1
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s p it w v c c a bwTPU r a bw
t t tp
k a bw t h p a bw
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λ θ θ λ θ
λ λθ θ θ θ θ θ
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λθ θ θ
   
   − − + −∂ + −   = +   ∂          − + − − + −                  
 
  + − + −   + − − +    − + −      

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λθ θ θ
   
   − − + −∂ + − −   = +   ∂          − + − − + −                  
− − − − + −+
−
  − + −    
3
  
  
  
  
  
    
First and second derivatives function in terms of profit per unit time (w) as follows: 
( ) ( ) ( )( )
( ) ( )
( )
( ) ( )
1 2 1
( , )
1 2 1
1 2 1 1 2 1
21
1
2
1
2
21 1
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s p i
t w w w
p i
tb v c cTPU
b v c c c e a bw b e
w t
trb
Kb h bt
t tp pt
µ µ
π
λθ θ θ
µ
λθ θ θ
λλ
λ λθ θ θ θ θ θ
− −
 − − + − ∂  = − − − + + − +
∂   − + −    
 − 
 − − +
      − + − − + −            
( )( )
2
( , ) 2
2 2
t w w wTPU c b e a bw e
w
µ µ
π µ µ
− −∂ = − − +
∂
As well as the partial derivative of a function in terms of profit per unit time, t, w obtained 
from the following relationship: 
( )( )
( )
( )
( )
( )( )
( )
( , )
2
1 2 12 1 2
2 2 22
1 2 1 1 2 1 1 2 1
11
2
2 1 2 1 1
2 2 2
t w s p iTPU
t w
tb v c c rb kb h b
ptt t tp
θ λ θ θλ θ θ λ θ
λ λ λθ θ θ θ θ θ θ θ θ
∂
=
∂ ∂
     
      − + −− − − −      + + +                    − + − − + − − + −                              
So the determinant of Hessian matrix is: 
Theorem 1) there is a range[ ]l ut ,t  in which to apply for all t that period l ut £t£t and 
relationships (t,w)H >0 and
2
(t,w)
2
  TPU
<0
t
established. So 
(t,w)TPU the range [ ]l ut ,t is concave and has a 
maximum point. 
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 Proof: 
 At first we assumed that the following relationship is established: 
 ( )( )1 2 11 0θ λ θ θ− + − >t  
 So during the time interval for production obtained as follows: 
                    (13) 
( )1
2 1
1
( )
θ
λ θ θ
−
<
−
t
                             
 On the other hand for the second derivative of the function (t) we have: 
                    (14) 
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∂ +
=
∂   − + −    

t wTPU a bw A
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 Where A is the amount: 
                    (15) 
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  + − −  
 = − − 
 
 + − − − −
 
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s pp v c ci t
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A k t
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 In equation (14), then, we can conclude
2
(t,w)
2
¶ TPU
£0
¶t
. In addition to the A as a common 
expression displayed. 
 3 2 0+ + + =at bt ct d  
 Where in 
 
( )( ) ( )( )( )
( )( )
22 3
2 1 2 2 1
22
2 1
1 0
3 0
s pa p v c ci r
b k
λ θ θ λ θ θ θ
λ θ θ
= − − − + − − >
= − − <
 
 ( )( )( )1 2 16 1 0c kλ θ θ θ= − − >  
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 ( )( )214 1 0d k θ= − − <  
 Derived expression (15) according to (t) can be obtained as follows: 
( )( )
( )( )
( )( ) ( )( )( )
22
22 1 2 2
2 1 1 2 13
2 2 1
3 6 6 1
1
λ θ θ
λ θ θ λ θ θ θ
λ θ θ θ
 − − −
  − − + − −
 + − − 
s pp v c ci t k t k
r                     (16) 
 Relation (16) is quadratic equation of (t). The Delta is also achieved as follows: 
 ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( )
4 22 4 2 3
2 1 1 2 1 2 1 2 2 136 72 1 1λ θ θ λ θ θ θ λ θ θ λ θ θ θ∆ = − − − − − − − + − −s p ik k p v c c r                (17) 
 As shown in the model assumptions, the selling price of non-standard products to the sum of 
cost of production and cost of inspection for each product intended ( 0s p iv c c− − = ). So the 
expression (17) can be rewritten as follows. 
( )( ) ( )( )( )( ) ( ) ( ) ( )( )( )4 2 2 22 4 4 42 1 1 2 2 1 2 1 2 1 1 2
³0
Δ= 36k λ θ -θ - 72krλ 1-θ 1-θ θ -θ =36kλ θ -θ k θ -θ -2r 1-θ 1-θ

 As k<2r and ( ) ( )( )22 1 1 2θ -θ £ 1-θ 1-θ  is well established, so it is Δ<0 . 
 On the other hand, as in Equation (14), a>0,d<0 as well Δ<0 , so the expression (15) to the 
variable (t) only has a positive root. So the expression (16) between zero and the origin of the 
expression (15) has a negative value. After the second derivative of the objective function is the 
negative range. For the value of (t) is given for another period. 
                   (18) [ ]0, root of Eq.(A4)t∈  
 To prove that the second derivative is negative in terms of warranty under what conditions 
do the calculations described below. 
( )( ) ( )( )
2
(t,w) -μw -μw -μw2
π π2
<0
TPU
=-c 2bμe - a+bw μ e = -c μe 2b- a+bw μ
w 
 
  So for the second derivative of the objective function is no warranty on the following 
statement is true enough. 
 ( )( )2 0µ− + ≥b a bw  
 Or in other words 
2
µ
≤ −
aw
b  
 The average lifespan of products is 1
μ
and the average life expectancy for products included 
in this model the minimum value of 1 is assumed. In other words, it is assumed that: 
 1µ ≤  
 From the other side a<b  So: 
 2 1µ µ− >
a
b  
 In other words, the interval obtained for the warranty period is greater than the average 
phrase length and logical. 
 On the other hand Matisse determinant of Hessian matrix is derived as follows: 
 2.= −H B C D  
 Where in, 
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s p i tb v c c rb kb hD b
ptt t tp
 
 
In the most difficult and the most pessimistic status to B*Cassume that (w = 0). Given these 
conditions and the slope of the lines B*Cand 2D  it can be shown that there is t2 and t1 distance 
between them 2B*C³D is established. The period in which the determinant of the Hessian matrix is 
positive as follows 
       (19) [ ]1 2,t t t∈  
Share 3 interval obtained in (13), (18) and (19) the area in which the objective function is 
concave, and in this period has a maximum point. This range [t1,tu] is defined. In numerical 
examples, there is always the range and sensitivity analysis tables for each example are shown. 
Algorithm to find the optimal solution 
1) Find the area of concave function 
1. Determine the average length of time (t) using equation (13) 
2. The second set is about the length of time (t) using equation (18) 
3. The third set around the time of production (t) using equation (19) 
4. Share the results in the three areas to achieve. This area is the area of the objective 
function is concave. 
2) Discrete variables assume the warranty period, for example to make it 3-month values. In 
this case, that amounts to w 3, 6, 9, 12, has an average lifespan of our pieces. And each in equation 
(12) inserted. 
3) Each of the equations obtained in Part 2 we solved. 
4) For each response equation (Equation root) in the same range [t1,tu] as during the 
production of the equation we consider the answer. 
5) Warranty period (w) and length of time (t) obtained from each equation in the relationship 
(11) is replaced them. 
6) t, w of the most profitable obtain the optimum warranty period (t*) and the optimal length 
of time (w*) are known. 
Numerical example and model analysis 
For this model, it used by the data common in the literature. Trying to other specific 
parameters of the model in line with other parameters initialized. In this example, the average life 
Openly accessible at http://www.european-science.com                                                                   1850 
 
  
Ramin Sadeghian, Mohammad Bagher Komasi, SafarAli Mohammadi 
 
 
 
 
expectancy is assumed Part 2 years. The initial value of the parameter of the exponential distribution 
is equal to 0.5. Other parameter values are as follows: 
400p = , 100k = , 200r = , 1θ =0.01 , 2θ =0.05 , 1λ = , 4h = , pc =20 , ic =2 , πc =60 , 50v = , 
sv =22 , 50a = , 100b = , 0.5µ = .  
According to the algorithm to find the optimum solutions consider this example. 
1) Find the area of the concavity 
1. On the basis of (13), the first interval is tÎ[0,24.75)  
2. Using equation (18) we have: [ ]tÎ 0,3.462  
3. On the basis of (19) we have: [ ] [ ]1 2t ,t = 0.004,1.297  
4. Three intervals so high that is achieved concave area[ ] [ ]l ut ,t = 0.008,1.297  
2) Warranty variable (w) values of 3, 6, 9... 24 months and the Equation (12) are inserted. 
3) Solve equations. (8 equation) 
4) Answers [ ] [ ]l ut ,t = 0.005,1.298 that apply in the period considered as the answer to every 
equation. 
5) Warranty period (w) and length of time (t) obtained from the equation in terms of (11) we 
Placement. 
6) t, w of the most profitable obtain the optimum warranty period ( t∗ ) and the optimal length 
of time ( w∗ ) are known. 
The numbers obtained in steps 4, 5 and 6 shows the results in the table below: 
Table 2: Answers from the numerical example 
TPU (profit per unit of time) W (years) t (years) 
1296.89 0.25 0.173 
1289.28 0.5 0.209 
1275.75 0.75 0.246 
1257.50 1 0.285 
1234.39 1.25 0.329 
1205.43 1.5 0.379 
1168.48 1.75 0.439 
1119.50 2 0.514 
Table 2 shows the maximum profit is equal to 89.1296 optimal times  to 0.173 and 0.25 
optimum warranty period or 3 months. 
Discussion and Conclusion 
In various articles in the field of production systems deteriorate, warranty only as a 
parameter is considered costly for companies and the relationship between the demand and the 
effect of the duration of the warranty period on an increase in enthusiasm buyers and consequently 
increases products, is ignored. In this paper, production model - in the system of production decline 
during the period of warranty is provided that has a direct impact on demand. It also set the target 
time and duration of the warranty period, while revenue per unit time is up. In this paper, 
production-inventory model in production systems declined as demand for standard products is 
dependent on the duration of the warranty is provided. In this model production system was in 
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decline in the production process at any point in time can be in one of two modes of control and out 
of control. 
If you switch off the control system of production to the increased production of defective 
products and time spent to change the status of the random variable that follows the exponential 
probability density function. When the system is 1θ  in control of defective products the situation 2θ  
is out of control of faulty products ( )2 1θ >θ . 
The two models for standard products is an increasing function of the warranty period. 
As well as non-standard products manufactured products that are identified by the inspection 
policy, in the secondary market at a lower price and sold without any warranty. The purpose of this 
model at the same time obtain the optimum length of the warranty period and the optimal length of 
time to case the maximum profit per unit of time. 
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